ON THE ARAKELOV THEORY OF ELLIPTIC CURVES 



ROBIN DE JONG 

Abstract. This note contains an elementary discussion of the Arakelov intersection 
theory of eUiptic curves. The main new results are a projection formula for elliptic 
arithmetic surfaces and a formula for the "energy" of an isogeny between Riemann 
surfaces of genus 1. The latter formula provides an answer to a question originally 
posed by Szpiro. 



1. Introduction 

The goal of this note is to present an elementary discussion of the Arakelov intersection 
theory of elliptic curves. Arakelov intersection theory in general is a theory dealing with 
curves over number fields, unifying in a subtle way the arithmetic aspects of a curve, 
present on the reductions of the curve modulo the finite primes of the number field, with 
its analytic aspects, present on the Riemann surfaces that one obtains by base changing 
the curve to the complex numbers. The unifying framework is provided by an intersection 
theory for divisors on an arithmetic surface sharing many formal properties with the 
traditional intersection theory on proper algebraic surfaces over a field ,6,. Although in 
general working out Arakelov theory is a difficult matter, when we specify to the case of 
elliptic curves it turns out that a nice, compact and clean theory emerges. 

Many results on the Arakelov theory of elliptic curves are already known by the works 
of Faltings and Szpiro |10| . but our approach is different. In particular, we base our 
discussion on a projection formula for Arakelov's Green function on Riemann surfaces 
of genus 1 related by an isogeny. From this formula we derive a projection formula for 
Arakelov intersections, as well as a formula for the so-called "energy of an isogeny" . Both 
of these formulas seem new. In fact, the latter formula provides an answer to a question 
posed by Szpiro in 

Using these new results, we give alternative proofs of several of the earlier results. For 
example, we arrive at explicit formulas for the Arakelov- Green function on an elliptic 
curve, for the canonical norm in the holomorphic cotangent bundle, and for the Arakelov 
self-intersection of a point. We also give an elementary proof of a recent result due to 
Autissier on the average height of the quotients of an elliptic curve by its cyclic subgroups 
of a fixed order. 
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2. Analytic invariants 

We start by recalling the main ingredients of the analytic part of Arakelov theory, 
namely, the Arakelov-Green function G and the canonical metric on the holomorphic 
cotangent bundle. Our main references are jj and P. 

Let X be a compact and connected Riemann surface of genus g > Q. The space 
of holomorphic differentials H'^ (A, ) carries then a natural hcrmitian inner product 
[uj, rj) 1-^ ^ Lo Arj. Let {wi, . . . , ujg} be an orthonormal basis with respect to this inner 
product. We have then a fundamental (l,l)-form /i on A given by /i = ^ J2k=i A ZJk- 
It is verified immediately that the form does not depend on the choice of orthonormal 
basis, and hence it defines a canonical (l,l)-form on A. Using this form, one defines the 
canonical Arakelov-Green function on A. This function gives the local intersections "at 
infinity" of two divisors in Arakelov theory. 

Definition 2.1. The Arakelov-Green function G is the unique function A x A ^ M>o 
such that the following three properties hold: 

(i) G{P, QY is C°° on A X A and G{P, Q) vanishes only at the diagonal Ax, with 
multiplicity 1; 

(ii) for aU F e A we have dqdq logG(F, Qf = 27ri^(Q) for Q 7^ P; 

(iii) for aU P e A we have log G(P, Q)n{Q) = 0. 

Properties (i) and (ii) determine G up to a multiplicative constant, which is then fixed 
by the normalisation condition (iii). By an application of Stokes' theorem we obtain from 

(i) -(iii) the symmetry G(P, Q) = G(Q, P) of the function G. 

Importantly, the Arakelov-Green function gives rise to certain canonical metrics on the 
line bundles Ox{D), where I? is a divisor on A. It suffices to consider the case of a point 
P e A, for the general case follows then by taking tensor products. Let s be the canonical 
generating section of the line bundle Ox{P)- We then define a smooth hermitian metric 
II • llox(P) on Ox{P) by putting ||s||ox(P)(Q) G{P,Q) for any Q e X. By property 

(ii) of the Arakelov-Green function, the curvature form of Ox (P) is equal to /i, and in 
general, the curvature form of Ox{D) is Acg{D) ■ with dcg(£') the degree of D. 

Definition 2.2. A line bundle L on A with a smooth hcrmitian metric || • || is called 
admissible if its curvature form is a multiple of ^. We also call the metric || • || itself 
admissible in this case. 

Proposition 2.3. Let \\ ■ \\ and \\ ■ ||' be admissible metrics on a line bundle L. Then the 
quotient \\ ■ \\/\\ ■ \\' is a constant function on A. 

Proof. The logarithm of the quotient is a smooth harmonic function on A, and hence it 
is constant. □ 
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Definition 2.4. The canonical metric || • ||Ar on the holomorphic cotangent bundle fl^ 
is the unique metric that makes the adjunction isomorphism Oxxx(—^x)\ax — 
an isometry. Here the line bundle Oxxxi^x) carries the hermitian metric defined 
by ||s||(P, Q) := G{P,Q), with s the canonical generating section of the line bundle 
OxxxiAx). 

Proposition 2.5. (Adjunction formula) Let P be a point on X, and let z be a local 
coordinate about P. Then for the norm ||dz||Ar of dz in the formula ||(iz||Ar = 
limg^P \z{P) - z{Q)\/G{P, Q) holds. 

Proof. From the definition of the canonical metric on it follows that dz/z has unit 
length in Vl\{P). However, this line bundle is isometric to Ox{P)i with dz/z corre- 

sponding to dz ® z~^s with s the canonical generating section of Ox{P)- One computes 
that ||z^-'^s|| ~ \m\Q^p G{P,Q) /\z{P) — z{Q)\ and the proposition follows. □ 

In Sections 01 and 01 we prove some fundamental properties of the Arakelov- Green func- 
tion and the canonical norm on the holomorphic cotangent bundle in the case that X has 
genus 1. 

3. Analytic projection formula 

We start by studying the fundamental (l,l)-form fi with respect to isogenics. Let X 
and X' be Riemann surfaces of genus 1, and suppose that / : A ^ A' is an isogeny, say 
of degree A^. Let fix and fjLx' be the fundamental (l,l)-forms of A and A', respectively. 

Proposition 3.1. (i) We have f*fix' = N ■ fix; (H) the canonical isomorphism f* : 
H^{X' — >H^{X,Q\^) given by inclusion has norm \/N. 

Proof. We identify A with a complex torus C/A, and obtain A' as the quotient of C/A 
by a finite subgroup A'/A. Hence we may identify A' with C/A'. A small computation 
shows that the differentials u; := dz/y^voI(A) and uj' dz/ -^/vo^A') are orthonormal 
bases of H'^{X^Vl\) and H'^{X' respectively. We obtain (ii) by observing that 
A^ = vol(A)/vol(A'). Finally we have ^ix = (i/2) • {dz ^ dz) / yo\{K) and /ix' = (i/2) • {dz ^ 
dz) /vol(A') and (i) also follows. □ 

ProDOsition l3.il gives rise to a projection formula for the Arakelov- Green function. 

Theorem 3.2. (Analytic projection formula) Let X and X' be Riemann surfaces of genus 
1 and let Gx md Gx' be the Arakelov- Green functions of X and A', respectively. Sup- 
pose we have an isogeny / : A ^ A'. Let D be a divisor on A'. Then the canonical 
isomorphism of line bundles 

f*Ox'{D)^Ox{f*D) 
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is an isometry. In particular we have a projection formula: for any P d X the formula 

Gx{rD,P) = Gx'{DJ{P)) 

holds. 

Proof. Lot N be the degree of /. By Proposition 13 . II we have 

cmv f*Ox'{D) = f*{cmvOx'{D)) = f*{{degD) ■ ^.x') = N ■ {degD) ■ fix 
= degiOx{f*D))-fix, 
which means that f*Ox'{D) is an admissible Une bundle on X. Hence by Proposition l2.3l 
we have \\f*{sD)\\f-Oxi{D) — I|s/'-d|Iox(/*-D) some constant c where sd and s/*d 
are the canonical sections of Ox'{D) and Ox{f*D), respectively. But since 

I0g||/*(SD)||/*0^,(D) ■ MX = ^ ■ / I0g||/*(SD)||/*0^,(D) • 

X Jx 



/ log||sD||o^,(r>) • = 0, 

JX' 



IX' 

this constant is equal to 1. □ 

4. Energy of an isogeny 

At this point, we introduce some classical invariants attached to a Riemann surface X 
of genus 1. 

Definition 4.1. Let r be an element of the complex upper half plane, and write q = 
exp(27rir). Then we have the eta-function ry(r) — q^^^^Yi'kLii^ ~ 1^) ^'^'^ ^^"^ modular 
discriminant A(t) = riirf^ = ^Ilfclill ~ q^f^- The latter is the unique normalised cusp 
form of weight 12 on SL(2, Z). Now suppose that we have a Riemann surface X of genus 
1 identified with a complex torus C/'L + t'L. Then we put ||?7||(X) := (Imr)^/'* • |?7(r)| and 
||A||(X) := ||77||(X)24 = (ImT)6 • |A(t)|. These definitions do not depend on the choice of 
r, and hence they define invariants of X. 

In ^U] Szpiro proves the following statement (c/. Theoreme 1): let and E' be semi- 
stable elliptic curves defined over a number field K, and suppose we have an isogeny 
f :E^ E'. Then the formula 

logG(0,P.) = ^— logiV + }_^log 

cr J=„eKcr/„, a II 'II V 

holds, where N is the degree of / and where the sum is over the complex embeddings 
of K. Szpiro then asks whether a similar statement holds without the sum over the 
complex embeddings. The following theorem gives a positive answer to that question. 
The terminology "energy of an isogeny" is adopted from ^H] ■ 
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Theorem 4.2. (Energy of an isogeny) Let X and X' be Riemann surfaces of genus 1. 
Suppose we have an isogeny f : X ^ X' . Then we have 

n G(o p) ^-"^'K^^)' 

PeKer/,P^O " ^ ^ 

where N is the degree of f . 

It is the purpose of the present section to prove Theorem 14.21 En passant we make 
the Arakelov- Green function and the canonical norm on the holomorphic cotangent bun- 
dle explicit, see Propositions 14.71 and 14.81 These formulas are also given in [Q, but the 
proof there relies on a consideration of the eigenvalues and eigenfunctions of the Laplace 
operator. Our approach is more elementary. 

Definition 4.3. Let X be a Riemann surface of genus 1. Let w be a holomorphic dif- 
ferential of norm 1 in H'^{X,il^). Then we put A{X) := \\u!\\Ar for the norm of u; in 

Proposition 4.4. Let f : X ^ X' be an isogeny of degree N . Then the formula 

^■A{X) 



n Aix' 



holds. 



Proof. Let ly be the norm of the isomorphism of line bundles f *il^,^^^ given by the 
usual inclusion. We will compute ly in two ways. First of all, consider an uj' e H'^{X' . Vl^,) 
of norm 1, so that lo' has norm A{X') in . Then by Proposition l3 . II we have that /* [lo') 
has norm ^/N in H^{X, fix), hence it has norm \/iV • A{X) in Q]^. This gives 

_ VN -AiX) 



A{X') ■ 

On the other hand, by Theorem 13.21 the canonical isomorphism f*{Ox'{0))—^Ox{K-erf) 
is an isometry. Tensoring with the isomorphism /*f2^,^f2^ gives an isomorphism 

r(^^V(o))^^^^(o)® (g) OxiP) 

PeKorf,P^O 

of norm v given in local coordinates by 

j.^,dz dz 

/ — ) ^ —®s 

z z 

where s is the canonical section of (S^peKer/ p^vi Ox{P\ By the definition of the canonical 
norm on the holomorphic cotangent bundle, the dzjz have norm 1, so we find 

n G(o,p). 

PeKcr/,P7^0 

Together with the earlier formula for v this implies the proposition. □ 
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The following corollary seems to be well-known, see for instance Lemme 6.2. 

Corollary 4.5. Denote by X[N] the kernel of the multiplication-by-N map X ^ X. 
Then the formula 

n G{0,P)=N 

P&X[N],P^O 

holds. 

Proof. Immediate from Proposition 14.41 □ 

Let T be an element of the complex upper half plane. Recall that Riemann's theta 
function is given by 19(2; r) := X^nez exp(7rm^T + 2iTinz) on C. We have the identities 

(exp(7riT/4) • 1^(0; r)i?(l/2; t)i?(t/2; T)f = 2« • A(t) 

and g 

exp(^*r/4).|^ (^i±^;r)) = (2^)« • A(r) , 

both of which are proved by the fact that the left hand sides are cusp forms on SL(2, Z) 
of weight 12. 

Definition 4.6. {Cf. (6j) Let r be in the complex upper half plane. The normalised theta 
function associated to t is defined to be the function 

||i?||(z;t) := (ImT)i/^exp(-7r(ImT)-iy2)|i?(z;T)| 

on C where y := Imz. This function only depends on the class of z modulo Z + tZ. 

Proposition 4.7. (Faltings ^) Let X be a Riemann surface of genus 1, and write X = 
C/Z + tZ with T in the complex upper half plane. For the Arakelov- Green function G on 
X the formula 

_ |h9||(z+(l + r)/2;r) 

holds. 

Proof. It is not difficult to check that ||i?||(z + (1 + t)/2) vanishes only at z = 0, with order 
1. Also it is not difficuh to check that 9^9^ log (z + (1 + r)/2)2 = 27ri/ix for z^Q.By 
what we have said in Section[21 we have from this that G'(0, z) = c - \\-d\\ (z + (1 + t)/2; r) 
where c is some constant. It remains to compute this constant. If we apply Corollarv l4.5l 
with = 2 we obtain 

c3 . (0; t)||^|| (1/2; r)||t?|| (t/2; r) = G(0, 1/2)G(0, t/2)G(0, (1 + t)/2) = 2 . 

On the other hand we have the formula 

(exp(7rir/4) • z9(0; t)7?(1/2; t)§{t/2; T)f = 2^ • A(t) 

mentioned above. Combining we obtain c = ||?7|| (A)^^. □ 
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Proposition 4.8. (Faltings ^) For the invariant A{X), the formula 

1 



A{X) 



{2n)-M{XY 
holds. 

Proof. We follow the argument from [Hj: writing X ^ C/Z+rZ we can take uj = dz / Vlnir 
as an orthonormal basis of H'^{X,^\). By Proposition 12.51 we have ||(i2:/-\/Imr||Ar = 
(Vlmr)"-^ • lim2_^o |2|/G(0, z). We obtain the required formula by using the explicit for- 
mula for G(0, z) in Proposition 14.71 and the formula 

exp(^zr/4) • ^ (^i±I;r^y = (27r)« • A(r) 

mentioned above. □ 

Proof of Theorem \4.'t^ Immediate from Propositions 14.41 and 14.81 □ 

We conclude this section with a corollary, dealing with the value of the Arakelov- Green 
function on pairs of 2-torsion points. First we need a classical lemma. 

Lemma 4.9. Let X he a Riemann surface of genus 1 and suppose that — Ax^ —px—q =: 
f(x) is a Weierstrass equation for X . Write f(x) = A:{x — ai){x — a2){x — a^). Let (wi|w2) 
he the period matrix of the holomorphic differential dx/y on the canonical symplectic hasis 
of homology given hy the ordering ai, 02,03 of the roots of f (cf. [5], Chapter LLLa, %5), 
and put T := u^jiox. Then we have the formulas 

2 

2 









— 0L2 




- az 



^. ,9(1/2; t)2, 



for appropriate choices of the square roots. Let D :~ 16(ai — a2)'^{ai — 03)^(02 — cts)^ = 
p'^ — 27 q^ be the discriminant of f. Then the formula 

D = (27r)i2 . a(t) 

holds. 

Proof. The first set of formulas follows by an application of Thomae's formula, cf. [S], 
Chapter Ilia, §5. The other formula follows from the first and from the formula 

(exp(7riT/4) • i9(0;r)^(l/2;T)^(T/2;T))® = 2^ ■ A(t) 

mentioned above. □ 
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Proposition 4.10. Let X be a Riemann surface of genus 1 and suppose that — Ax^ — 
px — q —: f{x) is a Weierstrass equation for X . Write f{x) = 4(a; — ai){x — a2){x — as). 
Let Pi — (ai, 0), P2 = {a2, 0) and P3 (as, 0). Then the formulas 

G(Pl,P2)'' = 



16 


• ai 


- a2 


2 


|ai - 


asl • 


|a2 - 


' asl 


16 


■ |ai 


- aal 


2 


|ai - 


a2 \ ■ 


las - 


' a2| 


16 


■ \a2 


- as 




\a2 - 


ail • 


las - 


- ai\ 



hold. 

Proof. This follows directly from Lemma ll^^ and the explicit formula for G{0, z) in Propo- 
sition |17| □ 

We remark that this proposition has been obtained by Szpiro in 10 in the special case 
that X is the Riemann surface associated to a Frey curve = x{x + a){x — h), where a, b 
are non-zero integers with 2^|a and 6 = — 1 mod 4 (c/. JOli Section 1.3). 

5. Arakelov projection formula 

In this section we prove a projection formula for Arakelov intersections on elliptic 
arithmetic surfaces. The essential idea is to use the analytic projection formula from 
Theorem 13.21 the rest of the proof is quite straightforward. We will use the Arakelov 
projection formula in Sectional 

Let p : £ ^ B — Spec(Oif ) be an arithmetic surface over the ring of integers Ok of a 
number field K. Here and below we assume that f is a regular scheme. As in pP we have on 
£ the notion of an Arakelov divisor: this is a formal sum of a Weil divisor Dfin on £ and an 
infinite part Dmf — ota- Ea, the sum running over the complex embeddings of K, with 
tto- real numbers and with the formal symbols corresponding to the Riemann surfaces 
associated to the curves E Xx,a C. The Arakelov divisors form a group Div(f ). To each 
non-zero rational function / G K{E) one associates the corresponding Arakelov principal 
divisor (/) with (/)fin the usual principal divisor associated to /, and with a„ given by 
a^r = ^ /e logl/lo-Mo-- Here ^„ is the fundamental (l,l)-form on E„. We denote by 
Cl(f ) the group of Arakelov divisors on £ modulo the principal divisors. It was proved in 

that there exists a natural bilinear symmetric intersection product (•, •) on the group 
of Arakelov divisors, factoring through the principal divisors to give a natural bilinear 
symmetric intersection pairing on Cl(£). The definition of this intersection product is 
quite straightforward, except for the crucial case of the intersection (P, Q) of two sections 
P, Q : -B — > £ of p, which consists of a finite contribution (P, Q)fin given in the usual 
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way, and an infinite contribution (P,Q)inf given as a sum X]cr(^''9)<^ with {P,Q)c = 
— log Gcr (Per, Qcr). Here Ga the Arakelov- Green function on Ea- 

Our Arakelov projection formula is a projection formula involving pushforwards and 
pullbacks of Arakelov divisors, which we define as follows. 

Definition 5.1. Let p : £ ^ B and p' : £' ^ B he elliptic arithmetic surfaces, and 
suppose there exists a proper _B-morphism f : £ ^ £' . Let D be an Arakelov divisor on 
£, and write D — Dfin + X^cr Ofo- ' ^<y The pushforward f^,D of D is defined to be the 
Arakelov divisor f^D := f*Dtin + d-J2a '^cr'^'a '^^ ^' where /*Dfin is the usual pushforward 
of the Weil divisor Dan. Next let D' be an Arakelov divisor on £'. The puUback f*D' of 
D' is the Arakelov divisor f*D' := f*D'^^ + E,t "a ' on £ where f*D'^^ is the puUback 
of the Weil divisor Dg^^ on £' , defined in the usual way using Cartier divisors. 

Our result is then as follows. 

Theorem 5.2. (Arakelov projection formula) Let E and E' be elliptic curves defined over 
a number field K, and let p : £ ^ B and p' : £' B be arithmetic surfaces over the ring 
of integers of K with generic fibers isomorphic to E and E' , respectively. Suppose we have 
an isogeny f : E ^ E' , and suppose that f extends to a B-morphism /:£—)■ £' . Let D 
be an Arakelov divisor on £ and let D' be an Arakelov divisor on £' . Then the equality of 
intersection products {f*D',D) = {D',f^D) holds. 

Proof. We may restrict to the case where both D and D' are Arakelov divisors with trivial 
contributions "at infinity". By the moving lemma on £' (cf. |7|, Corollary 9.1.10) we can 
find a function g E LC{E') such that D" := D' + (g)fin and f^,D have no components in 
common. Obviously D" + {g)inf is Arakelov linearly equivalent to D' , and hence by a 
computation as in Theorem 13 . 21 the Arakelov divisor f*D" + {f*g)ini is Arakelov linearly 
equivalent to f*D'. It is therefore sufficient to prove that {f*D" + {f*g)in[,D) — {D" + 
(.g)inf , /*-D). It is clear that {{f*g)inf,L)) — {{g)inf, f*D), so it remains to prove that 
{f*D",D) = {D",f^D). By the traditional projection formula {cf 7 , Theorem 9.2.12 
and Remark 9.2.13) we have {f *D" , I?)fin = {D" , /*£')fin. For the contributions at infinity 
we can reduce to the case where D and D" are sections oi£ ^ B and £' ^ B, respectively. 
Let (T be a complex embedding of K. Let Dcr and D'^ be the points corresponding to D and 
D" on Ecr and E'^. Then for the local intersection at a we have {f*D" , D)^ = (-D", f*D)c 
by the analytic projection formula from Proposition 13. 21 The theorem follows. □ 

Remark 5.3. In general, an isogeny f : E ^ E' may not extend to a morphism £ — > £'. 
However, if £' is a minimal arithmetic surface {cf. [7], Section 9.3.2), then it contains 
the Neron model of E' /K, and hence by the universal property of the Neron model, any 
isogeny / extends. In any case we can achieve that / extends after blowing up finitely 
many closed points on £. 
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The following corollary appears in Szpiro's paper |l()j . 

Corollary 5.4. (Szpiro ^0]^ Let Di,D2 be Arakelov divisors on £' . Let N he the degree 
of f . Then the formula 

if*Di,f*D2)^N ■{D,,D2) 

holds. 

Proof. It is not difficult to see (c/. 7 , Theorem 7.2.18 and Proposition 9.2.11) that 
f*f*D2 = N-D2. TheoremOthen gives (/*Di,/*i?2) = (Di,/,/*Z?2) - {Di,N-D2) = 

N -{01,02). a 

6. Self-intersection of a point 

Let p : £ ^ B he an elliptic arithmetic surface. The image of a section P : B ^ £ gives 
rise to a divisor on £, which wc also denote by P. Given the framework of arithmetic 
intersection theory, it is natural to ask for the self-intersection (P, P) of P. The question 
has been solved in the case that P is the zero section by Szpiro. 

Theorem 6.1. (Szpiro |ll)| ) Let E be a semi-stable elliptic curve over a number field 
K , and let p : £ ^ B he its regular minimal model over the ring of integers of K . Let 
O : B ^ £ he the zero section of p, and denote by A{E/K) the minimal discriminant 
ideal of E/K. Then the formula 

{0,0)=-^\og\Ni„^{A{E/K)\ 

holds. 

Proof. By Proposition l2 . 5l we need to compute the Arakelov degree deg 0*ljJ£ /g, with 
the relative dualising sheaf oi p : £ —t B. It is well-known that there exists a canonical 
isomorphism 0*u)£/b^^P*^£/b- Now the line bundle {p*uj£/ b)®^"^ contains a canonical 
global section Ag/^ coming from the canonical isomorphism (p,a;)®^^^^0(A) on the 
moduli stack of stable elliptic curves, with A the discriminant locus. Considering then 
the canonical section Ag/^ in we compute its norm. First of all, the finite 

places yield a contribution \og\NK/(^{A{E / K))\. Next consider a complex embedding a 
of K. Suppose we have an identification E„ C/Z + Tq-Z with in the complex upper 
half plane. Let = Ax^ — g2a-x — g^a be the associated Weierstrass equation, where 
X — pa{z) and y — p'^{z), with p„ the Weierstrass p-function associated to the lattice 
Z + Tg-Z. We then have Aq- = O^, ■ (c?x/y)®^^ where O^r is the discriminant of the above 
Weierstrass equation. Moreover dx/y is identified with dz. We can now compute ||Ao-||Ar 
as follows: first by Lemma f4. 91 we have = (27r)^^ • A(ro-), and second by Proposition 
14. 81 we have ||c?2;||Ar = \/Inir/((27r) • \\r]\\{Ea)'^). We obtain that |lAo-|lAr = 1 and hence the 
infinite contributions vanish. This gives the proposition. □ 
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The proof given in (10. is much more involved. The above proof in fact answers a 
question raised in jTH] on the norm ||A||Ar of A in il®^^. 

The foUowing proposition shows that Theorem lB.ll in fact gives the general answer to 
our question. 

Proposition 6.2. Let E be an elliptic curve over a number field K , and let p : £ ^ B 

be the regular minimal model of E over the ring of integers of K . Let O . B ^ £ be the 
zero-section. Then for any section P : B ^ £ of £ ^ B we have {P, P) = [O, O). 

For the proof, we make use of the following lemma. 

Lemma 6.3. Let E be an elliptic curve over a number field K , and let p : £ B be 
the regular minimal model of E over the ring of integers of K. Let uJ£/b be the relative 
dualising sheaf of p : £ —t B . Then we can write LOg — X^b ^b£b + ^o-F^ as Arakelov 
divisors on £ , the first sum running over the closed points b of B , with £), denoting the 
fiber at b and with Af, certain rational numbers; the second sum runs over the complex 
embeddings of K , with certain real numbers. 

Proof. Since uj£/b restricts to the trivial sheaf on the generic fiber there exists a vertical 
divisor V on £ such that ujg^g = 0£{V) as invertible sheaves. Since £ is minimal, the 
divisor V is numerically effective (c/. 0, Corollary 9.3.26), which implies {V,C) > for 
every irreducible component C of a closed fiber. But also by the adjunction formula in 
the vertical fibers (c/. [7], Section 9.1.3) we have {V, £b) = 2pa{E) — 2 = for each closed 
fiber £}, of £, so in fact {V, C) = for each C. Since the kernel of the intersection product 
is generated by the multiples of the fibers, this implies that V — J^t -^b ■ £b, where the Ab 
are certain rational numbers. The lemma follows immediately from this. □ 

Proof of Provosition 1 6. S\ The adjunction formula Proposition 12 . 51 shows that we need to 
prove that degP*^'^/^ = AegO*uj£/ g. But this is immediate from Lemma [6.31 □ 

Note that Lemma lS . 31 also proves that {uj£ /Bi^e/b) = on a minimal elliptic arithmetic 
surface p : £ ^ B, a fact observed by Faltings in in the case of a semi-stable elliptic 
arithmetic surface. 

7. Average height of quotients 

In this final section we study the average height of quotients of an elliptic curve by its 
cyclic subgroups of fixed order. Using our results from the previous sections, we give an 
alternative proof of a formula due to Autissier j^j. A slightly less general result appears 
already in and in fact our method is very much in the spirit of this latter paper. 
The main difference is perhaps that in our approach we do not need to consider the 
distribution of torsion points on the bad fibers. In fact we do not need any non-trivial 
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arithmetic information at all; the main ingredients are the Arakelov projection formula 
from Theorem 15.21 the formula for the "energy of an isogeny" from Theorem 14.21 and 
the formula for the self-intersection of a point from Theorem 16.11 Amusingly, we shall 
mention at the end of this section how a purely arithmetic result, namely the injectivity 
of torsion, follows from our Arakelov-theoretic results. 

We start with an explicit formula for hp[E). This formula is certainly well-known, c/. 
Proposition 1.1. 

Proposition 7.1. Let E be a semi-stable elliptic curve over a number field K. Let 
A{E/K) be the minimal discriminant ideal ofE/K. Then the formula 

hF{E) = l^^\og\NK,^{HE/K))\ - ^X^log((2^)i2||A||(i?.))j 

holds. Here the sum runs over the complex embeddings of K . 

Proof. As is explained in the proof of Theorem lCll the line bundle (p*t^£/_B)'^^^ contains 
a canonical section Ag/B, which has divisor given by A{E/K) on B. This accounts for the 
finite contribution \Nx/q{A{E/K))\. Next, at a complex embedding cr of if we have A^- = 
Da ■ (dx/y)'^^'^ where is the discriminant of a Weierstrass equation = Ax^ —paX — qa 
associated to E^. Let {oJia\oJ2a) be a period matrix of dx/y on a canonical symplectic 
basis associated to an ordering of the roots of /, and let — ijJ2al^ia- By Lemma f4. 91 
we have D^r = {2ny^ u)^^'^ ■ A{Ta), and by Riemann's second bilinear relations we have 
\\dx/y\\l = |cji„|2 . Imr. Together this yields ||A||^ = {2ny^ ■ ||A||(£:<^). This gives the 
infinite contribution to hpiE). □ 

Now let's turn to the result of Autissier. First we introduce some notations. Let N be 
a positive integer. Then we denote by e^r the number of cyclic subgroups of order N on 
an elliptic curve defined over C, i.e. 

■.= N\{{l + \ 

p\N ^ 

where the product is over the primes dividing N . Further we put 

- E p.-'i(p2ii)i°g^' 

p\N 1 I 

where the notation p^^N means that p'^\N and p^^^ \ N. For an elliptic curve E and a 
finite subgroup C of i? we denote by E^ the quotient of E by C. 
In we find the following theorem. 

Theorem 7.2. (Szpiro-Ullmo, 11 ) Let E be a semi-stable elliptic curve defined over 
a number field K . Suppose that E has no complex multiplication over K and that the 
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absolute Galois group Gal{K / K) acts transitively on the points of order N on E. Let C 
he a cyclic subgroup of order N on E. Then the formula 

hpiE^') ^ hpiE) + ^logN ~ Xn 

holds. 

One may wonder what one can say without the assumption that Ga,\{K / K) acts tran- 
sitively. In we find a proof of the following statement. The price we pay for dropping 
the assumption is that we can only deal with the average over all C. 

Theorem 7.3. (Autissier 2 ) Let E be an elliptic curve defined over a number field K. 
Then the formula 

— V hpiE"^) = hF{E) + i log iV - Ajv 
holds, where the sum runs over the cyclic subgroups of E of order N . 

In fact, this formula was already stated in jll) under the restriction that N is squarefree. 
Autissier's proof uses the Hecke correspondence Tn and a generalised intersection theory 
for higher-dimensional arithmetic varieties. The disadvantage of this approach is that 
the analytic machinery needed to deal with the contributions at infinity becomes quite 
complicated. We will give a proof of Theorem IT . 31 which is much more elementary. Besides 
this merit, we also think that the structure of the somewhat strange constant A^v becomes 
more clear through our approach. It would be interesting to have a generalisation of 
Theorem 17.31 to abelian varieties of higher dimension. 

Theorem 17 . 31 follows directly from the following two propositions, by using the explicit 
formula for hp in Proposition 17. II The next proposition occurs as Lemme 5.4 in 

Proposition 7.4. Let E he a semi-stable elliptic curve over a number field K and suppose 
that all N -torsion points are K -rational. Then one has 

E (log|A^i^/Q(A(i?/i^))| -log|iV,,vQ(A(£;^/i^)|) =0. 

c 

Here the sum runs over the cyclic subgroups of E of order N . 
Proposition 7.5. Let X be a Riemann surface of genus L Then 

^ E (l^ ll^ll (^) - ^ II All (^^)) - i log TV - A^ , 
where the sum runs over the cyclic subgroups of X of order N . 

Our first step is to reduce these two propositions to the following two: 
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Proposition 7.6. Let E he a semi-stable elliptic curve over a number field K and suppose 
that all N -torsion points are K -rational. Extend all N -torsion points of E over the regular 
minimal model of E/K. Then one has 

^^(g,o) = o, 

C Qec 

where the first sum runs over the cyclic subgroups of E of order N , and the second sum 
runs over the non-zero points in C . 

Proposition 7.7. Let X be a Riemann surface of genus 1. Then one has 

Here the first sum runs over the cyclic subgroups of X of order N , and the second sum 
runs over the non-zero points in C . 

The latter proposition is an improvement of Proposition 6.5 in which gives an 
analogous statement, but only with the left hand side summed over the complex embed- 
dings of K, and divided by [if : Q]. Our result holds in full generality for an arbitrary 
Riemann surface of genus 1. 

Proof of Proposition \7^\ from Proposition \ 7. b] Let C be any cyclic subgroup of E, and 
let O' be the zero-section of E^ . Extend it over the minimal regular model of E^ /K. We 
then have 

j^log\NK/Q{A{E/K))\ -^log\NKMA{E^/K)\ = {O' ,0') - (0,0) 

by Theorem 16. II The latter is equal to ^ gee {Q, O) by Theorem 15.21 Summing over all 
cyclic subgroups of E of order N and using Proposition 17.61 we find the result. □ 

Proof of Proposition \ 7. 5\ from Proposition \ 7. 7| By Theorem l4.2l we have for any subgroup 
C of X of order N that 

^ log II A||(X) - 1 log II AIK^C) = i log TV _ ^ iogG(g, 0) . 

Qec 

The statement of Proposition [731 is then immediate from Proposition !?.?! □ 

In order to prove Proposition !?. 6! we make use of the following combinatorial lemma. 

Lemma 7.8. Let M be a positive integer with M\N. Let E be an elliptic curve defined 
over an algebraically closed field of characteristic zero. Then each cyclic subgroup of E of 
order M is contained in exactly e^/cM cyclic subgroups of order N. 



ON THE ARAKELOV THEORY OF ELLIPTIC CURVES 



15 



Proof. This follows easily by fixing a basis for the A^-torsion and then considering the 
induced natural transitive left action of SL(2,Z) on the set of cyclic subgroups of order 
M and of order N. □ 

We may argue then as follows. 

Proof of Proposition 1 7. b] Let E[M] be the set of points of exact order M on E. By 
Lemma 17.81 we have 

C Q<^c M\N OeElM] 

Q^O M>1 Vt-C[juj 

We claim that for any positive integer M, we have J2q<£E[m] (Q^ ^) ^ ^- Indeed, we have 

E (Q'0) = o 

QeE[M],Q^O 

for all M by Theorem 15 . 21 and then the claim follows by Mobius inversion. □ 

Also for the proof of Proposition 17. 71 we will need a lemma. For a Riemann surface X 
of genus 1, and M > 1 an integer, we put 

t(M):= logG(g,0), 
Qe:X[M] 

the sum running over the set X[Af] of points of exact order M on X. 
Part of the following lemma is also given in cf. Lemme 6.2. 

Lemma 7.9. We have 

t{p') = \ogp 

for any prime integer p and any positive integer r. Moreover we have t{M) = for any 
positive integer M which is not a prime power. 

Proof. By Corollarv l4.5l we have 

log G(g, 0) = log Af. 

Q&X[M],Q^O 

The lemma follows from this by Mobius inversion. □ 

Proof of Proposition \ 1. 7| For any divisor Af |7V, let X[A/] be the set of points of exact or- 
der M onX and let t{M) — X^gexfA/] log^lQi 0) ^ in Lemma 171^ where it is understood 
that t{\) = 0. Then by Lemma 17.81 we can write 



-EEi°gG(g,o) = ^5:^.t(Af), 
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Lemma 17111 gives us that 



^E^.i(Af)=5:(i+...+^)iogp. 

M\N p\N \ P P 

p'- II N 

Finally note that Cpk — p'^{l + 1/p) which gives 



1 1 p'' - 1 



Cp epr- pi- i(p2 _ 1) ■ 

From this the result follows. □ 

Remark 7.10. An alternative proof of Proposition 17 . 51 can be given by classical methods 
using modular forms identities, see for instance [2, Proposition VII. 3. 5(b) for the case 
that iV is a prime, and [2], Lemme 2.2 and Lemme 2.3 for the general case. We preferred 
to give an argument using Arakelov theory, indicating that Arakelov theory can sometimes 
be used to derive analytic results on Ricmann surfaces in a short and clean manner. 

We finish with a corollary from the results above. This corollary gives another inter- 
pretation to the constant Aat. 

Corollary 7.11. Let E be a semi-stable elliptic curve over a number field K and suppose 
that all N-torsion points are K -rational. Extend these torsion points over the minimal 
regular model of E/K. Then one has 

where the first sum runs over the cyclic subgroups of E of order N , and the second sum 
runs over the non-zero points in C . 

Proof. Let C be a finite cyclic subgroup of E. Note that by definition of the Arakelov 
intersection product 

5^(g,0)= ^(Q,0)fi„- ^ ^logG(Q^O). 

Qec Qec Qec a 

Q^O Q^O Q^O 

The corollary follows therefore easily from Proposition 17. 61 and Proposition 17. 71 □ 

Note that Corollarv l7.11l is purely arithmetical in nature. It should also be possible to 
give a direct proof, but probably this would require a more ad hoc approach, making for 
instance a case distinction between the supersingular and the non-supersingular primes 
for E/K. Also note that CoroUarv 17. Ill immediatelv gives the classical arithmetic result 
that, for any prime number p, the p-torsion points are injective on a fiber at a prime of 
characteristic different from p. Indeed, take = p in the formula from CoroUarv 17.111 
then the right hand side is a rational multiple of logp, and so the same holds for the 
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left hand side. This means that the local intersections {Q, 0)fin, which are always non- 
negative, are in fact zero at primes of characteristic different from p. Hence, each p-torsion 
point Q stays away from O on fibers above such primes. Of course the argument can be 
repeated with O replaced by any other p-torsion point. 
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